Introduction.
We assume for the duration of this paper that Δ is locally of the form Δ = Σa=i si + So where {g a }a=o a r e smooth vector fields which satisfy the condition that the Lie algebra generated (over R) by the vector fields {g a }a=\ ^a s the property that at each point x € M the evaluation map at x maps this Lie algebra onto the tangent space T X M. This condition is (more than) enough to imply that p(y, x, t) is a smooth function of all variables for t > 0, by a theorem of Hόrmander [13] .
A major tool I will use in this investigation will be aspects of differential geometry as developed by Gromov [11] and in the paper [25] by Taylor, as well as various references contained therein, and the transmutation theory developed in the paper of Kannai [17] .
The basic thrust of this paper is that, given that certain geometric conditions hold, "off the diagonal" ρ(y, x, t) behaves (genetically) very much like the solutions of parabolic diffusion equations. In particular, we obtain for a certain class of hypoelliptic operators an asymptotic expansion of the fundamental solution; this implies that a formula first derived by Varadhan [26] in the case that Δ is an elliptic operator and Taylor [25] , and is the "subelliptic metric" discussed by Sanchez-Calle [21] and Fefferman and Phong [9] . This result has been obtained in the Because Δ is not an elliptic operator, equation (3) is not of real principle type, so that the issue of the wave front set is not as simple an issue as the situation discussed by Kannai [17] . In particular, Kannai's method has clear application only in the case that the wave front set has no doubly characteristic points over certain subsets. The state of the art in the propagation of singularities literature for this equation seems to be (in the paper of Lascar and Lascar [18] ) that we can guarantee this property when the double characteristics of Δ form a symplectic submanifold of T*M.
Interestingly, this condition appears also in Bismut [3] as a sufficient condition for invertibility of the Malliavin covariance matrix, as well as in the partial differential equations literature.
In order to apply the paper of Kannai and the paper of Taylor to study this situation, I need to make some assumptions. The first is that the bicharacteristic flow of Δ is complete and that for every two points x,y € M there is a bicharacteristic γ: [0,1] -• T*M such that πγ(0) = x and πγ(l) = y, where π is the canonical projection of T*M on M see [25] for a discussion of these conditions. This will guarantee finite speed of propagation but places certain restrictions on the operators allowed. A second assumption is that Δ is symmetric with respect to a smooth measure. This also constrains the class of operators considered. As suggested above, we also assume that the double characteristics of Δ form a symplectic submanifold; besides the implications for the wavefront set, this will have certain geometrical implications which allow us to apply the results of [25] . Now, let D c TM denote the distribution spanned at each x e M by the tangent vectors {&Cx)}2 =1 [18] and M. Taylor [23] for relevant discussion. Note that conditions (4a) and (4b) imply that dim(Λf) = 2q + 1, while condition (4c) implies that the Lie algebra generated by {g a } n a= χ spans at step two. In § 1,1 discuss some geometrical aspects of selfadjoint second order hypoelliptic operators, in the light of the singular Riemannian geometry discussed in [25] . I recall some properties of the wave equation (3) associated with a self adjoint hypoelliptic operator Δ. W(y,x, t) is the Schwartz kernel of the operator cos{tyf^E) discussed in [4] for the case that Δ is elliptic and in [23] for some hypoelliptic cases. In particular, I look at the transmutation formula p{y, x,t)= / --W{y, x, s) ds J V4πt which transforms solutions of (3) into solutions of (1). , which contains some ideas related to those of Kannai and uses Riemannian geometry quite deeply. Some of the results of that paper should generalize to the situation discussed here, to the extent that the Riemannian geometry used has analogs in the singular Riemannian geometry.
It should be clear by this point that this work is very much influenced by the paper of Kannai; it seems to me that the techniques developed there ought to have many other applications.
1. Geometrical aspects. In this section, I discuss the construction of self adjoint hypoelliptic operators associated to a singular Riemannian structure. In this section, I will follow the notation of Taylor [25] . In particular, G* will denote the nonnegative, degenerate quadratic form or T*M determined by Δ, G will denote the dual quadratic form on the distribution D c TM determined by (/*, D L = ker<7* is the annihilator of D in T*M, and r(y, x) denotes the singular Riemannian metric on M determined by G. This construction does not depend on having the bundle D being trivial. In this section let μ denote a smooth measure on M\ i.e., μ restricted to any coordinate chart has nonzero C°° density with respect to Lebesgue measure there. Let π denote the canonical projection of T*M onto D* = T*M/ker(G*). Let G* denote the quadratic form on D* which comes from the G* on Thus, Δ is a self adjoint operator which may be represented in local terms as a sum of vector fields and squares of vector fields. Moreover, because of the fact that TM is the smallest integrable distribution which contains Z>, the span of the Lie algebra of vector fields generated by {g%} is TV a so that the Hδrmander condition is satisfied, so that Δ is a hypoelliptic operator.
We have, in addition, that the principal symbol of Δ is just the function <?*(/?,/?) for (x,p) € T*M, since the symbol of Δ is just Σ) α Φot Σ2=i Sa ® Sa-We also have that Δ is a non-positive operator, in the sense that (/ Δ/) < 0 for / e 3f(Δ).
Consider the partial differential equation
In the following sections, I will consider this equation primarily as a weak partial differential equation on the space of distributions; in this section, I consider it as an evolution equation on suitable Hubert spaces following standard methods for the case that Δ is elliptic. Now, equation (3) REMARK. Of course, this requires that the spectrum of Δ is bounded away from zero. Since Δ is nonpositive Δ -1 is bounded away from zero and if
t V = 0, while multiplication by e* changes the asymptotics of V in an obvious way. Thus, there is no loss of generality in assuming that the spectrum of Δ is bounded away from zero. Now, the various powers T q of T will be closed operators on the domain 3f{T
2 )\ T q will be self adjoint if q is even and anti-self adjoint when q is odd.
3f(T q ) can be made into a pre-Hilbert space with respect to the inner product ( ,
Because Δ is a closed operator and bounded away from zero, it follows that 2J{T q ) is in fact a Hubert space. The following lemma is well known: LEMMA 
U(t)\&(T q ) is a strongly continuous unitary group; its generator is T\3!{T q + x ).
Now, since 2J{T q ) is a Hubert space, there is a canonical isomorphism 2J{T q ) = 3f{T q )*. However, as is standard, we wish to forget for the moment this identification and consider 2J{T q ) to be properly included in 3t{T q )* via the inclusions
The following lemma, due to Hόrmander [13] , will be sufficient for our needs, although Rothschild and Stein [20] have proven more precise results. where φ is any element ofC™(Ω). 9 where p t is the dual coordinate to t e R and ξ denotes an element of T*M (regarded as an element of the leftmost factor of T
*(M x M x R) = T*M x T*M x T*R).
We then have [15] that the wave front set of W(t,y,x) 9 which we will denote by Λ, is contained in the characteristic subset {p 
I(exp* [^y] >x.t) ' ξ°x 6 Γ;M| -{(x,x,ty.x eMj e R},
where exp x is the singular Riemannian exponential map discussed in [25] .
To apply §4 of [25] we need to understand the limit behavior of bicharacteristics. , since ξ("\0) = -ξ x n^ goes off to infinity. However, the ray B n {s) has limit points for each s as n goes to infinity. Indeed, we may parametrize the rays by points in the cosphere bundle for some Riemannian metric tensor; since y^(s) converges, it follows that B n (s) is contained in a (conically) compact subset. Since WF(W) is closed, it follows that these limit points are in WF(W), hence, so is the ray through these limit points.
Suppose that these limit points are simply characteristic. It follows that there is a sequence λ n > 0, λ n -> 0, such that ((y {n \s),λ n ξ( n \s)),(x^nξ x n) ),(t,λ n ξ t (s)))
converges to a point in the simply characteristic wave front set. On the other hand, η(h) is a complete vector field by assumption and G*(ξ, ξ) is a first integral, which on the characteristic variety is zero only on C 2 , so it follows that (G*(ξ,ξ)~ι /2 η(h)) is a complete vector field on the subset C x c T*(M x M x R). Thus, exp(s (G*(ξ,ξ) »(y(s),x, t(s),ξ y (s),ξ x ,ξ We are now in a position to be able to say a lot about the singularities of W. In fact, for (y, x, t) e U 9 the Hadamard construction [7, pp. 740-744] [15] that σ is invariant with respect to the flow generated by the vector field η(h). Thus, just as in the Riemannian case, these conditions plus the fact that W\ ί= Q = δ x (y) determine σ completely. This is because the η(h) flow lines in Λ admit a global C°° cross section; see Guillemin and Sternberg [12, p. 371] . Also, σ is homogeneous under the action of the multiplicative group of the group of positive real numbers on the fibers of T*(M x M x i?), because the generator of the multiplicative group action forms a two dimensional Lie algebra with η{h) which exponentiates to a local Lie group of local diffeomorphisms; see [12] . Now, note that Λ is diffeomorphic to the disjoint union of two copies of R n , one copy for each choice of sign in the initial condition (1) Note that hypoellipticity implies that the non-smooth behavior of p is located at t = 0, x = y. But (x,x,s) is not in U for any s, since by considerations of [25] , r(x, y) is not smooth at x = y. (2) Note the somewhat surprising fact that for both the situation we discuss in Theorem 2 and the case that Δ is elliptic (for each appropriately chosen (x, y)) p(t,x, y) ~ ct~r n l 1 e~κl t for suitable C, K > 0. This is in marked contrast with the situation on the diagonal x = y (see [19] , for example).
We have the following corollary. 
